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Abstract 

We characterize point transformations in quantum mechanics from the mathematical viewpoint. 
To conclude that the canonical variables given by each point transformation in quantum mechanics 
correctly describe the extended point transformation, we show that they are all selfadjoint operators 
O j in L 2 (R n ) and that the continuous spectrum of each coincides with R. They are also shown to satisfy 

the canonical commutation relations. 
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> \ 1 Introduction 

in. 

In classical mechanics the coordinate transformation 

( f ■ x = (xi, x 2 , ■ . ■ , x n ) !-»• X = (Xi, X 2 , • • • , X n ), 

\ X a = f a {x) (a = l,2,...,n) 1 ' ' 

I . is called a point transformation, where 

x G D n (1.2) 

and the existence of / _1 is assumed. In classical mechanics the domain D n does not always coincide with 
E"; it is sufficient for D n to involve the trajectory of a physical system under consideration. 

It is known that the point transformation can be extended to a canonical transformation (see e.g. 
Whittaker [1 p.293]) 

(xi, ■ ■ . ,x n ,pi, ■ ■ ■ ,Pn) H' (Xx, . . .,X n ,Pt, . . . ,P„), 



X 

5-H 



which is called an extended point transformation and is given by 

Xa f(X\X)i 

^ dxp (1.3) 

0=1 aAQ 

Here the canonical momenta p a and P a are conjugate to x a and X a , respectively. Let [A, B] c \ stand for 
the classical Poisson bracket for A(x, p) and B(x, p): 

_ y> / 8A dB dB OA 

Cl i \ dx a 9p a &X a 8p a 

The canonical variables x a and p a obey the relations 

[x a , pp] c i = 6 a p, [x a , Xp]d = [p a , pp]ci = 0. 
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Then it is known that the new canonical variables X a and P a also obey 

[X a ,PpU = 5 aP , [X a , XpU = [P a , Pp) d = 0. (1.4) 

As an example, let us consider the point transformation / : x 2 ) H> (r, 9) from cartesian to plane 
polar coordinates. Here (xi, acg) € Kl 2 - The existence of / together with / _1 implies (xi, aia) € -D 2 = 
M 2 \{(0, 0)}. We are thus led to the extended point transformation (xi, X2, Pi, p%) >-> (r, 9, p r , Pe)- Here 
the canonical momenta p r and pg are conjugate to r and 9, respectively. 

In quantum mechanics, however, the situation is quite different. It is known that the continuous spec- 
trum of each canonical variable in quantum mechanics coincides with M. Therefore, the point transforma- 
tion / : (aii, x%) i— > (r, 9) from cartesian to plane polar coordinates is no longer allowed within the frame 
work of quantum mechanics. Hence the extended point transformation (xi, X2, Pi, P2) l— ^ (r, 9, p r , pg) 
is not allowed any longer. In fact, if it were allowed, then r, 9, p r and pg would satisfy the canonical 
commutation relations. But this is not the case, because this clearly contradicts positivity of r and 
boundedness of 9. 

The purpose of this paper is to characterize point transformations in quantum mechanics from the 
mathematical viewpoint. To this end we begin with defining a point transformation in classical mechanics 
and also that in quantum mechanics. Then, following DeWitt pQ, we define the new canonical momentum 
P a conjugate to X a in quantum mechanics. They should be selfadjoint operators in a Hilbert space and 
the continuous spectrum of each should coincide with BL Moreover, they should satisfy the canonical 
commutation relations. To conclude that the new canonical variables X a and P a correctly describe the 
extended point transformation in quantum mechanics, we show that they are all selfadjoint operators in 
L 2 (W l ) and that the continuous spectrum of each of X a and P a coincides with M. Moreover, we show 
that they satisfy the canonical commutation relations. 

For simplicity, we use the unit h — 1 throughout this paper. 

2 Main results 

In classical mechanics the new canonical variables X a and P a given by (|1.3j) are required to obey (|1.4j) . 
and hence the map / is a C 2 -diffeomorphism. 

Definition 2.1. We say that the map / is a point transformation in classical mechanics if / is a C 2 - 
diffcomorphism and satisfies (jl.lj) . (|1.2p . 

Remark 2.1. Let (x\, x%) G R 2 . The coordinate transformation / : (x\, X2) >— > (r, 9) from cartesian to 
plane polar coordinates is a point transformation in classical mechanics. The domain D 2 of the map / 
does not contain the origin, i.e., D 2 = K 2 \ {(0, 0)}. Hence, r, 9, p r and pg are canonical variables in 
classical mechanics: 

[r, p r ]c\ = [0, pe]d = 1, [r, 0] c i = [r, pe]ci = [8, p r ]d = [p r , Pe]d = 0. 

In quantum mechanics the operators x a and p a are assumed to obey the canonical commutation 
relations 

[x a ,pp\=i5 a p, [x a ,xp] = \p a ,pp]=Q, 
where [A, B] = AB — BA. Let x a be the multiplication by x a . Then 

Definition 2.2. Let / : K n —> M. n be a bijective map satisfying 

J / : x = (xi, x 2 , ■ ■ ■ , x n ) i-> X = (Xi, X 2 , . . . , X n ), 
y X a = f a (x) (a=l,2,...,n). 

We say that the map / is a point transformation in quantum mechanics if / is a C 3 -diffcomorphism. 
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Remark 2.2. Since the operator x a is the multiplication by x a , the operator X a is also the multiplication 
by f a {x). 

Remark 2.3. Let (xi, X2) € R 2 . The coordinate transformation / : (x±, X2) (r, 9) from cartesian to 
plane polar coordinates is not a point transformation in quantum mechanics. This is because the domain 
of the map / does not coincide with R 2 . Therefore, r, 6, p r and pg are not canonical variables in quantum 
mechanics, and hence one can not impose the following relations 

[r, Pr] = [0, pe] = i, [r, 0} = [r, p e ] = [9, p r ] = \p r , Pe] = 0. 

Let P a (a = 1, 2, . . . , n) denote the canonical momenta conjugate to X a . Following DeWitt, we define 
P a in quantum mechanics. 

Definition 2.3 (DeWitt [1 ). The new canonical variables X a and P a in quantum mechanics are defined 

by 

— fa {% ) j 

1 ^ / dx p dx t 

0=1 



2 ^ v dx a • ^ dx a 

13=1 

Remark 2.4. DeWitt p] also showed that for X a and P Q , the operator pp is uniquely given by 



1 ( dX a n , n dX a 



Interchanging, in this equality, the small and the capital letters we obtain the equality for P a in Definition 
231 

Remark 2.5. Combining Definition 12.31 with (|2.1[) yields 



p ■ dx P - 1 _ f dxf) \ 

°~ 1 f^ 1 dX a dxp 2^ i dxp\dX a ) 



The operators X a and P a act on functions of x a 's. 

We denote by cr(A) (resp. by cr c (A)) the spectrum (resp. the continuous spectrum) of an operator 

A. Let P a denote the operator P a restricted Co(R n ) and let P a denote the closure of P a . Since the 
point transformation / in quantum mechanics is a C 3 -diffeomorphism (Definition E21), P a is a symmetric 
operator in L 2 (R"). 

Theorem 2.1. (a) The operator X a is selfadjoint on D(X a ) — {u(x) : u, f a (x)u € L 2 (R™)}. 

(b) The set R coincides with the continuous spectrum of the selfadjoint operator X a given by (a), 
i.e., a(X a ) = a c {X a ) = R. 

(c) The operator P a is essentially selfadjoint. 

(d) The set R coincides with the continuous spectrum of the selfadjoint operator P a — P a given by 
(c), i.e., a(P a ) = a c (P a ) = R. 

We denote by P a the selfadjoint operator P a given by Theorem 12. II (c). 

Theorem 2.2. The operators X a and P a satisfy the canonical commutation relations: 

[X a , Pp]u = i S a/ 3 u, [X a , Xp]u = [P a , Pp]u = 

/ortl£C 2 (l"). 

We denote by ( ■ , ■ ) the inner product of L 2 (R™): 



(u, v) = I u(x)v(x)dx, u, v 6 L (R n ). 

We deal with only the case 



-11 \ d(X 1: ...,X n ) 

J{x) = sfe ' ( } 



since we can deal with another case J{x) < in a similar manner. 
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3 Proof of Theorem D (c) 

In this section we show that 

ker(P* ±i) = {0} 

to prove Theorem 12. II (c). Here P* denotes the adjoint operator of P a . 



Let u £ ker(P^ ± i) and set 



Then a £ C 1 (M n ). Both u and a are functions of x a 's, and hence of X a 's because of Definition 12.21 We 
now consider the following integral: 

j J{x{X))- x u(x{X)) |^|- + a(x(X))}$(X)dX, (3.2) 
where $ £ Cg (M n ) is a function of X a 's. 

Lemma 3.1. Let u £ ker(P* ± i) and let a be given by (|3.ip . TTien /or $ 6 Co(R n ), 

jT n J^CX))- 1 u{x{X)) I + o(a:(X))} ¥(*) = 0. 
Proof. The substitution X = f{x) (see Definition 12. 2p turns (|3.2p into 

jf^ J^(X))" 1 u(x(X)) { JL. + a(z(X))j 

= / «(*)(e ^ 9 



Set 0(.t) = ${X{x)). Then ^ e C$(R n ) = £>(P a ). Therefore, 

^ u{x) 1^ ^ ^ + o(s) I *(X(a:))da: = -i (u, (p Q T^)= 0. 

The lemma follows. □ 
Set 

U(X) = J{x{X)y 1 u{x{X)) and A(X) = a{x(X)), (3.3) 
where u £ ker(P* ± i) and a is given by (|3.1I) . Note that EZ and A are functions of X 's. Let 

= (01 , 61) x • • • x (a a , b a ) x • • • x (a n , b n ) £ R™, (3.4) 

where a a , b a e M and |a Q |, |6 a | < 00 (a = 1,2, . . .,n). Since $ £ Co(R"), we let $ £ Co°(fi). Here fl is 
given by (j3H) and X = (Xi, . . . , X Q , . . . , X„) e O. Lemma O also holds for $ e Co°(n). Moreover, it 
is easy to see that 

U, AU £ Ll oc (Q). 

Lemma |3. II thus implies the following. 

Lemma 3.2. Let U and A be as in (|3 .3[) . Then there is the weak derivative D a U of U satisfying 

D a U = AU, D a = . 

oX a 

Let us regard U and A as functions of X a only, where a a < X a < b a . 
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Lemma 3.3. Let U be given by (|3.3p and let Q be as in (|3.4|) . Then 

UeC 1 (a a , b a ). 
Proof. It is easy to see from (|2.2[) that U € L 2 (il) since 

\U{X)\ 2 dX < sup (jix^X))- 1 } ■ f J(x{X))- 1 \u(x(X))\ 2 



= sup 

< 00, 



u{x) I da; 



where / 1 (f2) is the image of f2 under the inverse of the map /. Hence U G L 2 (a a , b a ), which implies 
AU £ L 2 (a a , b a ). Therefore, D Q [/ = At/ e L 2 (a a , b a ), and hence 

UeH 1 ^, b a ). 

Since A e C^K"), it follows that AU G ff 1 ^, b a ). Therefore, D Q ?7 e H l (a a , b a ). Thus 

C/ e H 2 {a ai b a ). 

The lemma follows from the Sobolev embedding theorem (see e.g. Goldstein [3J p. 135] or Reed and Simon 
[SJp.52]). 

Noting Lemmas 13.21 and 13.31 we now solve 



□ 



D a U = AU, D a = 



d 



dx a 



to obtain the solution explicitly. It follows from (|3.ip and (J3T3J) that 

9 1 r-s 9 ( dxp 



dX a 



Hence 



dX a 2 ^-J dxp \ dX a 



(3.5) 



Here we used the following lemma. 
Lemma 3.4. 



— \ 9 / So;/? 



dxp \ dX a 



Proof. A straightforward calculation gives 



9X 



A=l 





9Xi 


dX 1 


9a; i 


9a; 2 


dx n 






dX x ^ 


9a; i 


9a; 2 


dx n 


9 fdX x \ 


3 (dX x \ 


d /9X A x 


9X Q V 9a;i / 


dX a V 9a; 2 / 


dX a V dx n ' 


dX x+1 


dX x+1 


dX x+l 


dx\ 


dx 2 


dx n 


dX n 


dX n 


dX n 


dx i 


dx 2 


dx n 
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Therefore, 



E dX x d f dxp 
vi=l ' 8X a {dX x 



Let us continue the proof of Theorem 12. II (c). Set 



u(x(X)) = ^J(i(Jf))«(i(X)). 
Applying again Lemma EOI turns (|3.5p into 

^-= F l)„ W X)) = 0. 

Therefore, = C(Xi, . . . , A Q _i, A Q+ i, . . . ,X n )e ±Xa , and hence 



u(x(X)) = C(Xt, X a -i,X a+1 , X n )^J(x{X))e ±x " . 
Here the function C does not depend on X a . Since u e L 2 (K"), 

c / \C(Xi, . . . , X a ~i, X a +i, ■ • ■ , X n )\ 2 dXi ■ ■ ■ dXa-idXu+i ■ ■ ■ dX n < oo . 
But 

,±2X a dXa = 0o . 



Hence C(Xi, . . . , X a -i, A Q+1 , . . . , X n ) = 0, which implies u = 0. Thus 

kex(P*±i) = {0}. 
The proof of Theorem 12. II (c) is complete. 



□ 



4 Proofs of the rest 

In this section we prove the rest of our main results from the viewpoint of unitary equivalence. 

Let u £ L 2 (R n ). Since each point transformation in quantum mechanics is a C 3 -diffeomorphism, the 
function x M> u(x) / -J J(x) can be regarded as a function of X a 's. We therefore set 

u(X) - -J*§» (4.1) 

where it is a function of X a 's. A straightforward calculation gives 

\u(X)f dX= \u(x)\ 2 dx < oo. 

Hence u G i 2 (R"). Let us define U : L 2 (W l ) -> L 2 (R") by 

[/ : u i — > m, 

where u (resp. u) is a function of ;r Q 's (resp. of X a 's). 



(» 



Lemma 4.1. The operator U : L 2 (R") — > L 2 (R") is unitary and satisfies the following. 

(a) UCfiiW 1 ) C C 2 (R™) 7 

(b) [/C 2 (R") = C 2 (R"). 

Proof. The lemma follows immediately from Definition 12721 and (|4.1[) . □ 

d 

We denote by — t the operator 
oX a 

d du 
— i— — — : u i — > —i- 



dX a ' dX a 

with domain 

u(X) : u is absolutely continuous with respect to X a , u, g L 2 (R") 

d 

Note that the operator — i— acts on functions of X a 's. On the other hand, the operator P a acts on 

oX a 

functions of x a 's (see Remark [23]). 

Let P a denote the operator P a restricted Cq(R") and let P a denote the closure of P a . A straightfor- 
ward calculation gives the following. 

Lemma 4.2. P a u = U* ^-i^L-^ Uu, u g C 2 (R"). 

d 
dX^ 

Proof. Step 1 We show 

P a C U* [ -i-^r- ) 17. 



Lemma 4.3. P a = U* [ -i^A- ) £/. 



dX a 

For u G D{P a ), there is a sequence {it m } m C Cq(R") satisfying 

u. m ->■ u, P a u m -> P Q u in L 2 (R ra ). 
Combining Lemma |4. II with Lemma 14.21 yields 



Uu m -> C/U, ( -*«|r- J f/ttm ^ E7Pa« m L 2 (R"). 

Lemma |4~T1 (b) implies that Uu m g C 2 (R n ) C D(—i d/dX a ). Since —id/dX a is a closed operator, 
5iep 2 We next show 

^D!7* [ -i-A- ) 17. 



For v g U*D(-id/dX a ), we set t> = ?7«. Then S g D(—id/dX a ). Let us recall here that 

the operator — z with domain Co(R n ) is essentially selfadjoint. 

Hence there is a sequence {v m } m C Cq(R") satisfying 

9 d 
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Set v m = U*v m . Then v m G Cq(M") by Lemma T4. II (b). Combining Lemma T4. II with Lemma T4.2I again 
yields 

U*v m -> «, P„C/*u ro -> [/* ^ in i 2 (K"). 

Therefore, 

» g d(P~), T a v = u* (-i^r) Uv. 



dX a , 

The lemma follows. □ 

Theorem l2.ll (c) immediately implies the following. 

Corollary 4.4. The operator P a is essentially selfadjoint. 

Combining Lemma f4.ll with Lemma T4.3I also implies Corollary 14.41 Moreover, it is easy to see that 
the following holds. 

Lemma 4.5. P a = P a = U* ( -i-J^r-) U. 



8X a/ 

We denote by Mx a the multiplication byX a : 

Mx a ■ u ' — > X a u 

with domain 

D(M Xa ) = {u{X) : u, X a u G L 2 (W 1 )} . 

Note that the operator Mx a acts on functions of X a 's. On the other hand, the operator X a acts on 
functions of x Q 's (see Remark l2.5[) . A straightforward calculation gives the following. 

Lemma 4.6. The operators X a and Mx a are unitarily equivalent, i.e., 

X a = U*M Xa U. 

Each of Theorem 12. II (a), (b), (d) and Theorem 12.21 immediately follows from Lemmas 14.51 and 14.61 

5 An example of a point transformation in quantum mechanics 

Let The coordinate transformation 

x i — > X = sinh x 

is a point transformation in quantum mechanics. The corresponding extended point transformation is 

x, —i — — ) i — > ( X = sum a;, P = —i [ — tanhx 

ox J \ cosh x \ ox 2 

Therefore, the operators X and P acting on functions of x are both canonical variables in quantum 
mechanics. 
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